We compute the difference in the renormalization of flavor singlet and nonsinglet fermion bilinear operators, to two loops in perturbation theory. Our results are applicable to a rather wide class of lattice actions with Symanzik improved gluons, stout links and clover fermions, including the Twisted Mass and SLiNC actions. A more detailed presentation of our results, along with relevant references, will appear in our forthcoming publication [1] .
Introduction
In this work we study the renormalization of fermion bilinears O Γ =ψΓψ on the lattice, where Γ =1, γ 5 , γ µ , γ 5 γ µ , γ 5 σ µ ν . We consider flavor singlet (∑ fψ f Γψ f , f: flavor index) as well as nonsinglet operators, to two loops in perturbation theory. Our calculations were performed making use of a large family of lattice actions, including Symanzik improved gluons, Wilson fermions with stout links, and clover fermions; twisted mass actions (with Iwasaki or tree level Symanzik gluons) and the SLiNC action are members of this family.
The most demanding parts of this study are the computation of the 2-point Green's functions of O Γ , up to two loops and, as a prerequisite, the two-loop fermion self-energy. From these Green's functions we extract the renormalization functions for the fermion field and for Γ can be generalized, in a straightforward manner, to fermionic fields in an arbitrary representation.
Flavor singlet operators are relevant for a number of hadronic properties including, e.g., topological features or the spin structure of hadrons. Matrix elements of such operators are notoriously difficult to study via numerical simulations, due to the presence of (fermion line) disconnected diagrams, which in principle require evaluation of the full fermion propagator. In recent years there has been some progress in the numerical study of flavor singlet operators; furthermore, for some of them, a nonperturbative estimate of their renormalization has been obtained using the FeynmanHellmann relation [2] . Perturbation theory can give an important cross check for these estimates, and provide results for operators which are more difficult to renormalize nonperturbatively.
Given that for the renormalization of flavor nonsinglet operators one can obtain quite accurate nonperturbative estimates, we will focus on the perturbative evaluation of the difference between the flavor singlet and nonsinglet renormalization; this difference first shows up at two loops.
Perturbative computations beyond one loop for Green's functions with nonzero external momenta are technically quite involved, and their complication is greatly increased when improved gluon and fermion actions are employed. For fermion bilinear operators, the only two-loop computations in standard perturbation theory thus far have been performed by our group [3] , employing Wilson gluons and Wilson/clover fermions. Similar investigations have been carried out in the context of stochastic perturbation theory [4] .
Further composite fermion operators of interest, to which one can apply our perturbative techniques, are higher dimension bilinears such as:ψΓ D µ ψ (appearing in hadron structure functions) and four-fermion operators such as: (s Γ 1 d) (s Γ 2 d) (appearing in ∆S = 2 transitions, etc.); in these cases, complications such as operator mixing greatly hinder nonperturbative methods of renormalization, making a perturbative approach all that more essential.
Definitions and Calculational Setup
In standard notation, the action consists of a gluon part, S G , and a fermion part, S W + S SW :
The fermion action may also contain standard and twisted mass terms, but they only contribute beyond two loops to the difference between flavor singlet and nonsinglet renormalizations; this is true in mass-independent schemes, such as RI ′ and MS, in which renormalized masses vanish. The quantitiesŨ n, n+μ , appearing above, are stout links, defined as:Ũ n, n+μ = e iQμ ( n) U n, n+μ , where:
and Vμ ( n) is the sum of 6 staples joining sites n and n +μ. Both the stout coefficient ω and the clover coefficient c SW will be treated as free parameters, for wider applicability of the results. We employ a Symanzik improved gluon action, of the form:
where: U Plaq (U Rect , U Chair , U Paral ) is the product of links around a 1×1 plaquette (the three independent 6-link Wilson loops: "2×1 rectangle", "chair", "parallelogram"), and the Symanzik coefficients c i satisfy: c 0 + 8c 1 + 16c 2 + 8c 3 = 1. The algebraic part of our computation was carried out for generic values of c i ; for the numerical integration over loop momenta we selected a number of commonly used sets of values, some of which are shown in Table 1 . Denoting all bare quantities in the Lagrangian with the subscript "•", the corresponding renormalized quantities and renormalization functions read:
(respectively: gauge field, ghost field, fermion field, coupling constant, gauge parameter) where µ is the mass scale introduced to ensure that g • has the correct dimensionality in The 2-point amputated Green's functions of the operators O Γ can be written in the form:
The RI ′ renormalization scheme is defined by imposing renormalization conditions on matrix elements at a scaleμ, where (just as in MS):μ = µ (4π/e γ E ) 1/2 . For the renormalized operators:
This renormalization prescription does not involve Σ
Γ ; nevertheless, renormalizability of the theory implies that Z L,RI ′ Γ will render the entire Green's function finite. An alternative prescription, more appropriate for nonpertubative renormalization is:
The two prescriptions differ between themselves (for V, AV, T) by a finite amount which can be deduced from lower loop calculations combined with continuum results. Conversion of renormalization functions from RI ′ to the MS scheme is facilitated by the fact that renormalized Green's functions are regularization independent; thus the finite conversion factors (DR ≡ Dimensional Regularization):
can be evaluated in DR, leading to:
. For the pseudoscalar and axial vector operators, in order to satisfy Ward identities, additional finite factors Z P 5 (g) and Z AV 5 (g), calculable in DR, are required:
These factors are gauge invariant; we also note that the value of Z AV 5 for the flavor singlet operator differs from that of the nonsinglet one.
Computation and Results
In the previous Section, the calculational setup was presented in rather general terms. Here we focus on the two-loop difference between flavor singlet and nonsinglet operator renormalization.
Given that this difference first arises at two loops, we only need the tree level values of: Z ψ , Z A , Z c , Z α , Z g and of the conversion factors C Γ , Z P 5 and Z AV 5 . Since the tree level value of C Γ equals 1, the difference up to two loops will not depend on the renormalization scheme.
There are 4 two-loop Feynman diagrams contributing to the above difference in the evaluation of the Green's functions (2.7-2.11), shown in Fig. 1 . They all contain an operator insertion inside a closed fermion loop, and therefore vanish in the flavor nonsinglet case. The above diagrams, evaluated individually, may be IR divergent, due to the presence of two gluon propagators with the same momentum. Comparing to our previous evaluation of these diagrams with Wilson gluons and clover fermions, we will find no new superficial divergences, i.e. no new ln 2 (μa L ) terms. However, the presence of stout links and Symanzik gluons leads to considerably longer expressions for the vertices. Also, the gluon propagator must now be inverted numerically for each value of the loop momentum 4-vector (an inversion in closed form exists, but it is not efficient).
The contribution of these diagrams to Z P , Z V , Z T vanishes identically. Only Z S and Z AV are affected. For the Scalar operator, our result can be written in the following form: Table 2 . The computation was performed in a general covariant gauge, confirming that the result is gauge independent, as it should be in MS. We note from Eq. (3.1) that even single logarithms are absent; thus the result is scale independent.
For the Axial Vector operator we find: By analogy with the scalar case, the computation was performed in a general gauge and the numerical constants are tabulated in Table 2 . We note that the result for the Axial Vector operator has a scale dependence; this is related to the axial anomaly. Finally, the presence of a term of the form γ 5 q µ / q/q 2 in the Green's function (2.10) implies that, in the alternative RI ′ scheme mentioned in Section 2, one must add (g 4 0 /(4π) 4 ) c F N f to the above result. In Fig. 2 
Further extensions of the present work include the application to other actions currently used in numerical simulations, including actions with more steps of stout smearing. In these cases, additional contributions to the renormalization functions are more convergent, and thus their perturbative treatment is simpler; nevertheless, the sheer size of the vertices (∼ 10 6 terms for two stout-smearing steps) renders the computation quite cumbersome. Another possible extension of this work regards several variants of staggered fermion actions. Finally, extended versions ofψΓψ may be studied; in this case another four Feynman diagrams must be added to those of Fig. 1 , leading to longer but convergent loop integrands. 
